The differential multiplicity of dileptons in a hot and magnetized quark-gluon plasma, ∆ B ≡ dN B /d 4 xd 4 q, is derived from first principles. The constant magnetic field B is assumed to be aligned in a fixed spatial direction. It is shown that the anisotropy induced by the B field is mainly reflected in the general structure of photon spectral density function. This is related to the imaginary part of the vacuum polarization tensor, Im[Π µν ], which is derived in a first order perturbative approximation. As expected, the final analytical expression for ∆ B includes a trace over the product of a photonic part, Im[Π µν ], and a leptonic part, L µν . It is shown that ∆ B consists of two parts, ∆ B and ∆ , a novel anisotropy factor ν B is introduced. Using the final analytical expression of ∆ B , the possible interplay between the temperature T and the magnetic field strength eB on the ratio ∆ B /∆ 0 and ν B is numerically studied. Here, ∆ 0 is the Born approximated dilepton multiplicity in the absence of external magnetic fields. It is, in particular, shown that for each fixed T and B, in the vicinity of certain threshold energies of virtual photons, ∆ B ≫ ∆ 0 and ∆ ⊥ B ≫ ∆ B . The latter anisotropy may be interpreted as one of the microscopic sources of the macroscopic anisotropies, reflecting themselves, e.g., in the elliptic asymmetry factor v 2 of dileptons.
I. INTRODUCTION
The ultimate goal of modern experiments of Heavy Ion Collision (HIC) is to create a (macroscopic) state of deconfined quarks and gluons in local thermal equilibrium. The nuclei that are accelerated to (ultra-) relativistic energies are directed towards each other, and create, after the collision, a fireball of hot and dense nuclear matter. The fireball is believed to consist of a plasma of quarks and gluons, and goes through several stages once it cools through rapid expansion under its own pressure. Electromagnetic probes, i.e. real and virtual photons (dileptons), are used to convey information about the entire fireball evolution. A major advantage of these probes over the majority of hadronic observables is that they are emitted during all stages of the reaction, and, once produced, only participate in electromagnetic and weak interactions for which the mean free paths are much larger than the size and the lifetime of the fireball. They can thus leave the zone of hot and dense matter without suffering from final-state interactions [1] [2] [3] [4] . The measurable dilepton invariant mass spectra and photon transverse mass spectra show characteristic features, which represent the main links between experimental observables and the microscopic structure of strongly interacting Quark-Gluon Plasma (QGP) created in early stages of HICs.
Historically, photon and dilepton production rates are calculated by a number of authors [5, 6] . In the present paper, we will follow the method introduced by H. A. Weldon in [6] , and will derive the differential multiplicity of dileptons in a hot QGP in the presence of strong magnetic fields. Strong magnetic fields are believed to be created in early stages of noncentral HICs [7] . Depending on the collision energies and impact parameters of the collisions, the strength of these fields are estimated to be of the order eB ≃ 0.03 GeV 2 at RHIC and eB ≃ 0.3 GeV 2 at LHC [8, 9] . 1 These magnetic fields are, in principle, time-dependent and rapidly decay after τ ∼ 1-2 fm. Most theoretical studies deal nevertheless with the idealized limit of constant and homogeneous magnetic fields. This turns out to be a good approximation because, as it is argued in [10] , due to the electrical conductivity of the QGP medium, the external magnetic field is essentially frozen, and its decay is thus substantially delayed [10, 11] . Uniform magnetic fields affect, in particular, the phase diagram of Quantum Chromodynamics (QCD), 2 and play a significant role in the physics of relativistic fermions at zero and nonzero temperatures (see [18] for a recent review).
Another important effect of spatially fixed magnetic fields is the appearance of certain anisotropies in the dynamics of magnetized fermions in the longitudinal and transverse directions with respect to the direction of these external fields. They include anisotropies arising in group velocities, refraction indices and decay constants of mesons in a hot and magnetized quark matter [19, 20] . Pressure anisotropies [21] and paramagnetic effects, which are also induced by external magnetic fields, are supposed to have significant effects on the elliptic flow v 2 in HICs [22] . In [23, 24] , novel photon production mechanisms arising from the conformal anomaly of QCD×QED and magneto-sono-luminescence are introduced. In [23] , e.g., it is shown that the presence of a strong magnetic field provides a positive contribution to the azimuthal anisotropy of photons in noncentral HICs.
Finally, external magnetic fields modify the energy dispersion relations of relativistic particles in hot QED and QCD plasmas. In [25] , we have systematically explored the complete quasiparticle spectrum of a magnetized electromagnetic plasma at finite temperature. We have shown that in addition to the expected normal modes, nontrivial collective excitations arise as new poles of the one-loop corrected fermion propagator at finite temperatures and in the presence of constant magnetic fields. We refer to these new excitations as hot magnetized plasminos. Hot plasminos are familiar from the literature [26, 27] . They have, in particular, important effects on the production rate of dileptons in a hot QGP [28] . Here, it is shown that unexpected sharp peaks due to van Hove singularities, appear in the partial annihilation and decay rate of soft quarks and antiquarks (plasminos). These sharp structures are believed to provide a unique signature for the presence of deconfined collective quarks in a QCD plasma [29] .
In the present paper, motivated, on the one hand, by our recent studies on the role played by constant magnetic fields in the creation of "hot magnetized plasminos" [25] , and, on the other hand, by the effect of "hot plasminos" on modifying the dilepton production rate (DPR) in a hot QGP [28] , we will compute the differential (local) production rate of dileptons in a hot and magnetized QGP, ∆ B , in a first order perturbative approximation. 3 After presenting the analytical expression for ∆ B up to a summation over all Landau levels, we will numerically compare ∆ B of dielectrons, with the one-loop (Born) approximated dielectron production rate in the absence of external magnetic fields, ∆ 0 . We will show that near certain threshold energies of (virtual) photons, ∆ B is larger than ∆ 0 . In the limit of large photon energies, q 0 ≫ T , however, ∆ B turns out to be even smaller than ∆ 0 . Having in 1 eB = 1 GeV 2 corresponds to B ≃ 1.7 × 10 20 Gauß. 2 See, e.g. [12, 13] for a complete analysis of the effect of strong magnetic fields on various phases of quark matters, including chiral and color superconducting phases. See also [14] for the most recent review of the effects induced by magnetic catalysis [15, 16] and inverse magnetic catalysis [17] on QCD phase diagram. 3 Studying the effect of hot magnetized plasminos on DPR is rather involved, and will be postponed to our future works.
mind that a certain Fourier transformation of DPR leads to flow coefficients v n , this specific behavior is thus expected to be reflected in the dependence of these coefficients on the (virtual) photon energy. Surprisingly, this expectation, arising from our present computation, is similar to the recently suggested behavior of the elliptic flow of heavy quarks as a function of their transverse momentum in the presence of large magnetic fields [30] . Here, the diffusion coefficient (drag force) of heavy quarks is computed in a hot magnetized QGP in a LLL approximation by making use of a weak coupling expansion. The magnetic field is shown to induce a certain anisotropy in the diffusion coefficients in the transverse and longitudinal directions with respect to this background field. Based on these results, the authors argue that whereas in the quarks' low transverse momentum limit the elliptic flow in the presence of the external B field, v B 2 , is larger than the same quantity in the absence of the B field, v 0 2 , for large transverse momenta, v B 2 ≤ v 0 2 . Although our results from the DPR in a hot magnetized QGP can be interpreted in the same manner, more profound studies are to be performed to find a rigorous link between our results and the flow coefficients in the presence of (approximately) constant magnetic fields. Let us only notice at this stage that although the relation between v B 2 and ∆ B seems to be given by a Fourier transformation, as aforementioned, but the rigorous computation of v B 2 from ∆ B requires many ingredients, which are either unknown or not yet well established. One of these ingredients is the space-time evolution of the magnetic field within an expanding QGP. This may arise from the solution of the corresponding relativistic magnetohydrodynamical equations [31] . Another important ingredient is the exact (T, eB) dependence of the sound velocity in a hot and magnetized QGP, which requires the knowledge about its equation of state. Although there are many attempts in lattice gauge theory to determine this specific quantity (see e.g. [32] ), but these kinds of discussions are far from the scope of this paper. It seems therefore to be difficult to present an exact analytical, even numerical result for v B 2 defined from ∆ B . We will therefore postpone this specific computation to our future works, and will present in this paper only the corresponding results for ∆ B .
This paper is organized as follows: In section II, we will briefly review the properties of fermions in the presence of constant magnetic fields by presenting a summary of the Ritus eigenfunction method [33] . The latter leads to the exact solution of the relativistic Dirac equation in a uniform magnetic field. The general structure of the production rates of dileptons in a hot magnetized QGP, ∆ B , will be derived in section III. We will show, that similar to ∆ 0 in the absence of magnetic fields, it consists of a trace over the product of a leptonic and a photonic part. The leptonic part, L µν includes certain basis tensors, which can be separated into four groups, depending on whether the indices µ and ν are parallel or perpendicular to the direction of the background magnetic field. Similarly, the photonic part, consisting of the imaginary part of the vacuum polarization tensor Π µν , is characterized by the same grouping of µ and ν indices. The analytical result for the one-loop approximated expression for ∆ B will be presented in section IV. We will show that ∆ B can be separated into two parts, ∆ B and ∆ ⊥ B , which arise from the components (µ, ν) = ( , ) and (µ, ν) = (⊥, ⊥) of the leptonic part L µν and the photonic part Im[Π µν ]. Combining these two contributions, a novel anisotropy factor,
between ∆ B and ∆ ⊥ B will be introduced. The dependence of ν B on photon energy may be brought into relation with the dependence of flow coefficients v n of dileptons on their invariant masses. In section V, we will numerically evaluate the ratio of ∆ B /∆ 0 for dielectrons and dimuons and the anisotropy factor ν B for dielectrons as functions of rescaled photon energy q 0 /T . We will, in particular, show that, near certain threshold energies of (virtual) photons, 4 ∆ ⊥ B ≫ ∆ B . Having in mind that dilepton production rates are directly related to flow coefficients v n of QGP, this specific anisotropy may be interpreted as one of the microscopic sources of the macroscopic anisotropies observed in dilepton flow coefficients at RHIC and LHC. A summary of our results, together with a number of concluding remarks will be presented in section VI.
II. MAGNETIZED FERMIONS IN A QED PLASMA AT ZERO TEMPERATURE
The Ritus eigenfunction method [33] is along with the Schwinger proper-time formalism [34] , a commonly used method to solve the Dirac equation of charged fermions in the presence of a constant magnetic field. In this section, we will review this Ritus' method, and present the eigenvalues as well as eigenfunctions of the Dirac equation. We will also present the propagator of charged fermions in a multi-flavor model.
To start, let us consider the Dirac equation
for fermions of mass m q in a constant magnetic field. Here, Π (q)
µ , with e > 0 and q f the charge of the fermions. To describe a magnetic field B aligned in the third direction, B = Be 3 , the gauge field A ext. µ is chosen to be A ext. µ = (0, 0, Bx 1 , 0), with B > 0. As it is shown in [35, 36] for a one-flavor system and in [19, 20, 25] for a multi-flavor system, (II.1) is solved by making use of the ansatz
p is the Ritus eigenfunction satisfying
and u(p) is the free Dirac spinor satisfying (/ p q − m q )u(p) = 0. In (II.2), the Ritus momentum turns out to be given byp
with p labeling the Landau levels in the external magnetic field B, and s q ≡ sign(q f eB). The Ritus eigenfunction E (q) p is then derived from (II.2) and (II.3). It reads
where ℓ Bq ≡ |q f eB| −1/2 . Moreover,
with Π p ≡ 1 − δ p,0 . For eB > 0, the projectors P (q)
± are defined by
According to this definition, P (+) ± = P ± and P (−)
are previously introduced in [25] . The functions f ±sq p (ξ sq x,p ), appearing in (II.6) are given by
with Φ p given in terms of Hermite polynomials
The above results lead to the free fermion propagator for a multi-flavor system [19, 20, 25] 
To show this, let us, for simplicity, assume q f = +1 for a fermion with mass m, and introduce the following quantized fermionic fields in the presence of a constant magnetic field:
n,s dp 2 dp 3 (2π) 2
n,s dp 2 dp 3 (2π) 2 
2p
we use the modified equal-time commutation relations 13) and arrive at ψ α (x)ψ β (y) = n dp 2 dp 3 (2π) 2
n dp 2 dp 3 (2π) 2
In (II.14), the factors (γ ·p ± ± m) with
for positive and negative charges, arise from
Plugging the expressions arising in (II.14) into (II.12), and following the standard procedure to rewrite the two-dimensional integration over p 2 and p 3 , appearing in (II.14) as a three-dimensional integration over p 0 , p 2 and p 3 , we arrive after some computations at
We can generalize the above arguments for an arbitrary charge q f , and arrive at the fermion propagator (II.10) for a nonzero magnetic field at zero temperature.
In the imaginary-time formalism of thermal field theory, the free fermion propagator for nonvanishing magnetic fields is thus given by
where ω ℓ = (2ℓ + 1)πT is the fermionic Matsubara frequency, and
III. DILEPTON PRODUCTION RATE IN A MAGNETIZED QUARK-GLUON PLASMA: GENERAL CONSIDERATIONS
In [6] , the production rate of dilepton pairs in a hot relativistic plasma is derived by making use of general field theoretical arguments at finite temperature. The final result is then expressed in terms of the imaginary part of the full vacuum polarization tensor. In this section, we will follow the same method, and, after presenting a brief review of the main steps of the method presented in [6] , will derive the exact expression for differential dilepton multiplicity in a hot and magnetized QCD plasma. We start with the definition of the thermally averaged multiplicity in the local rest frame of the plasma 5
5 According to [6] , if the plasma has four-velocity u µ = γ(1, v) in the lab, then EI is to be replaced by PI · u and Z by Tr[e −βP I ·u ].
In the lowest order of perturbative expansion, S is given by 
with the lepton tensor
and the photon tensor
where F |A µ (x)A ν (y)|F is a Wightman function. According to figure 1, the energy of the virtual photon, Using at this stage the definition of the photon spectral density function at finite temperature
the multiplicity per unit space-time volume is given by
To obtain the DPR in terms of exact photon self-energy, the crucial point is to relate ρ µν (q) to the imaginary part of the retarded photon propagator D 
one arrives after some works at the standard formula for the differential multiplicity in a hot relativistic plasma [6] 
where α = 1/137 is the QED fine structure constant, and
From (III.10), it is clear that the first nonvanishing contribution to ∆ 0 arises from the one-loop vacuum polarization tensor Π µν , whose general form in terms of Π T and Π L is given by
Since, by definition, the first contribution to Π T /L arises from the photon self-energy including a fermion loop, the direct photon-to-dilepton process without the fermion loop does not contribute to ∆ 0 . To simplify ∆ 0 from (III.10), we use at this stage the limit Re[Π i ] ≪ q 2 . Doing this, R i from (III.11) can be approximately given by
Plugging this expression into (III.10), the differential multiplicity is then given by [6] 
where Π µ µ = 2Π T + Π L is used. Later, we will use
which arises from a first order perturbative expansion of Π µν in (III.14), and will compare it with the differential multiplicity of dileptons in the presence of a constant magnetic field B. In (III.15), λ ℓ ≡ m 2 ℓ /q 2 , ς q ≡ m 2 q /q 2 , with m q the bare quark mass, and
The Heaviside Θ-function arising on the r.h.s. of (III.15) is inserted to discard the kinematically forbidden regime q 2 < 4m 2 for the production of dileptons (see footnote 18). Let us notice that, assuming isospin symmetry m q ≡ m u = m d and taking the limit of vanishing lepton and quark masses in (III.15), we arrive at the standard Born approximated result of local DPR for vanishing 6 For the definition of transverse and longitudinal projectors, P µν T and P µν L , see [6] .
magnetic fields [28, 37] . At this stage, it is worth to remind that in order to arrive at the above differential multiplicity ∆ 0 , we have started with the thermally averaged multiplicity N from (III.1), which is defined in the local rest frame of the plasma, and used, as is demonstrated in [6] , the standard definition of P µν T and P µν L in the rest frame of the fluid. In a Lorentz frame, where the plasma is not at rest, q 0 in (III.15) is to be replaced by q · u, where u µ is the four-velocity of the plasma [6] (see also [38] for more details on the comparison of this result with those of HICs).
For nonzero magnetic fields, because of the well-known dimensional reduction, which is also reflected in the definition of quantized ψ andψ from (II.11), we have to begin with a new definition for the multiplicity
1 dp
V dp
2 dp
where the factor eB 2π counts the number of Landau-quantized states. 7 From dimensional point of view, it replaces the integration over dp (1) 1 dp , let us first compute | F ℓ(p 2 )l(p 1 )|S|I)| 2 in (III.16). To do this, it is necessary to define the quantum states |ℓ and |l in the presence of constant magnetic fields. Assuming that these states correspond to positively and negatively charged leptons with momentum k and spin s, they are given by
where n labels the Landau levels. The normalization factors are chosen so that the states remain dimensionless. Using now the relations
and (II.16) to sum over spins, we arrive first at
withq =p 1 +p 2 , and the lepton tensor
In (III.19)p (0) i with i = 1, 2 are defined bỹ
where the lepton magnetic mass M 2 j ≡ m 2 ℓ + 2j|q f eB|. Plugging then P (+) n from (II.6) into (III.20), and eventually performing the trace over Dirac matrices, we arrive after a lengthy computation at
where the coefficients C nk ij are given in (A.1) in appendix A 1, and the basis tensors Ψ µν ij,nk by
2 = + 2n|eB|. Let us notice that the basis tensors Ψ µν ij,nk can be separated into four groups, depending on whether their µ and ν indices are parallel or perpendicular to the direction of the external B field: According to (III.23), the (µ, ν) indices in Ψ µν 1j,nk , j = 1, 2 are both parallel to the B field, whereas the µ index in Ψ µν 2j,nk , j = 1, · · · , 4 is parallel to the B field, their ν indices are perpendicular to the magnetic field, etc. Since, according to (III.19) these indices are to be contracted with the indices of the photon tensor F |A µ (x)A ν (y)|F , it seems to be appropriate to define four Green's functions
in order to arrive at
Plugging at this stage (III.25) into (III.16), and using translational invariance, we obtain
i,j=1 dp
where the "directional" photon spectral density function at finite temperature and nonzero magnetic field is defined by
Similar to the method used in [6] , we insert at this stage
into the right hand side of (III. 26) , and arrive at the differential multiplicity
Here, the factor V 2/3 eB
the number of Landau-quantized states in the transverse directions with respect to the direction of the magnetic field. Using at this stage the relation
in order to express the directional photon spectral density function in terms of the retarded full photon propagator D µν R (q), we arrive at the exact expression for the differential DPR in a relativistic hot and magnetized plasma
i,j=1 dp (3) 1 dp
It is the aim of this paper to determine the above production rate in the first order of weak coupling expansion. To do this, we will determine D R µν in terms of one-loop vacuum polarization tensor Π µν at finite T and eB. Using then the approximation
arising from a truncated Schwinger-Dyson series, the differential DPR in a hot and magnetized QGP, expressed in terms of the imaginary part of the one-loop polarization tensor is then given by
with L µν ij,nk ≡ dp
In the next section, we will first present the analytical expression for the dilepton production rate ∆ B from (III.33) in a one-loop perturbative expansion. 8 The production rates for dielectrons as well as dimuons will be then numerically determined in section V. We will, in particular, focus on the T and B dependence of the production rates, and will compare the results for eB = 0.02, 0.03 GeV 2 and for eB = 0.2, 0.3 GeV 2 at fixed T = 200, 400 MeV.
IV. DILEPTON PRODUCTION RATE IN A HOT AND MAGNETIZED QCD PLASMA: ANALYTICAL RESULTS AT ONE-LOOP LEVEL
In what follows, we will analytically derive the differential multiplicity of dileptons ∆ B in a first order perturbative approximation. According to (III.33), ∆ B consists of two parts, a photonic part, Im[Π µν (q)] nk ij , and a leptonic part, L µν ij,nk . We will first evaluate these two parts separately. We will then combine them, and present the analytical expressions for ∆ B at one-loop level by building the trace over two matrices Im[Π µν (q)] and L µν in the ij-space. Let us remind that, according to our descriptions in the previous section, the indices i and j denote the orientation of µ and ν indices with respect to the direction of the external magnetic field. A lengthy but straightforward computation shows that the combinations (µ, ν) = ( , ⊥) as well as (µ, ν) = (⊥, ) do not contribute to ∆ B . Here, and ⊥ denote (0, 3) and (1, 2) directions, respectively. To simplify the presentation, we will therefore focus only on the relevant combinations, (µ, ν) = ( , ) as well as (µ, ν) = (⊥, ⊥).
A. Photonic part of ∆ B
The one-loop contribution of the photon self-energy diagram of a two-flavor QCD in the presence of an external magnetic field is given by (see figure 1 )
Here, the symbol q f = {u, d} is used for a summation over the charges of up and down quarks, q u = 2/3 and
T (x, y) from (II.18) into (IV.1), we arrive after some computations at 9
. (IV.3) 8 Let us notice that here, similar to the B = 0 case, by definition, the first nonvanishing contribution to Πµν in (III.33) arises from the one-loop photon self-energy including the fermion loop demonstrated in figure 1 . The direct free photon to magnetized leptons production channel is studied in [39] . 9 The energy iωq will be replaced by q0, once the imaginary part of Πµν is computed.
Here, ∆ f 's are defined in (II. 19 ) with
Moreover, we have
from (II.6) into (IV.5), we arrive after some lengthy but straightforward computations at
with A (q) ij given in (IV.6) from appendix A 2. The bases Ξ (q)ij µν , appearing in (IV.6) read
Here,p
To determine Π µν from (IV.3), we will first perform the integration over ℓ 2 , x 1 and y 1 , by making use of
for positive charges and
for negative charges. Here, U b a (z) is the confluent hypergeometric function of second kind [41] , and m = min(p, ℓ) as well as M = max(p, ℓ). 10 
(IV.12)
In (IV.11), the coefficients K (q) ij arises from the integration over ℓ 2 , x 1 and y 1 in (IV.3), as described before. The final results for K Let us notice at this stage that, according to our notations, the indices p and ℓ label the Landau levels corresponding to the internal fermion propagators in figure 1. In (III.32) and (III.33), however, Im[Π µν ] shall depend on the indices n and k, which label the Landau levels corresponding to the external lepton-antilepton legs [see (III.18)]. To determine the relation between the external (n, k) and internal (p, ℓ) indices, we use the conservation relation
2 , where the superscripts (2) denote to the second component of the corresponding four-momenta. Discretizing the momenta of fermionic fields according to the Ritus prescription, we obtain
Later, we will use
for each flavor q f . Here,
Let us also notice that the general structure of Π µν in the presence of external magnetic fields is studied previously in a number of papers [42] [43] [44] [45] [46] [47] . In [42, 43] , it is in particular shown that Π µν can be given as a linear combination of fourteen bases. Using the Ward identity q µ Π µν (q) = 0, Π µν is then diagonalized and its eigenvalues and eigenfunctions are determined. In [44] [45] [46] [47] , Π µν is brought into the following form:
with the projectors P µν i , i = 0, 1, 2 defined by
The coefficients χ i , i = 1, 2, 3 are then determined using Schwinger proper-time formalism [34] at B = 0, T = 0. In [48] , the one-loop vacuum polarization tensor of hot QED for nonzero magnetic field and temperature is computed using the method of Schwinger proper-time. In the present paper, however, we have used the Ritus eigenfunction method to compute Π µν at T = 0 and eB = 0. The fact that Π µν presented in (IV.11) can be given as a linear combination of Ξ (q)µν ij from (IV.7), and can therefore be separated into four groups of (µ, ν) = ( , ), (µ, ν) = ( , ⊥), (µ, ν) = (⊥, ) and (µ, ν) = (⊥, ⊥), strongly indicates that its general form can be brought into the form (IV.15), presented in [44] [45] [46] [47] . On the other hand, it is possible to check the gauge invariance of our result. To show this, it is enough to prove the Ward identity, q µ Π µν = 0. Using q µ = q µ + q µ ⊥ , the product q µ Π µν , can be first brought into the following form:
where, according to our notations, the components
We have performed the above computation with our K (q) ij , from (IV.27)-(IV.28) as well as (A.13)-(A.16) and the basesΞ (q)µν ij from (IV.7). We have shown that after an appropriate renormalization the Ward identity q µ Π µν = 0 is valid, and our result for Π µν is therefore gauge invariant. 11 To 
where N f (E) ≡ (e βE +1) −1 and ρ f (k 0 , E k ) is the free on the mass-shell fermionic spectral density function [49] . Following this standard method, we obtain
where Ξ (q) µν are given in (IV.7), and for i = ±
(IV.21) 11 We prefer to postpone the presentation of the details of this specific computation to our future work, because, in the computation of dilepton production rate it is enough to only focus on Π µ ν and Π µ ⊥ ν ⊥ from (IV.18), whose imaginary parts are to be determined to compute the dilepton production rate ∆B from (III.33).
Here, ℓ
and
as well as
with M 2 ℓ = m 2 q + 2ℓ|q f eB|, and m q the bare mass of quarks with charge q f . Here, ℓ labels the Landau levels. Let us notice that for eB = 0, the second term appearing in (IV.21) does not arise. Its appearance is mainly because of the aforementioned dimensional reduction from D = 4 to D = 2 dimensions in the presence of external magnetic fields. In other words, for eB = 0, apart from q 2 = q 2 0 − q 2 3 , the transverse components of q µ , i.e. q 2 ⊥ = q 2 1 + q 2 2 also appear in E ± ℓ and E ± p as well as in E ± ℓ ′ and E ± p ′ , and this makes the condition q 0 = E p − E ℓ , from which the additional second term in (IV.21) arises, invalid. 12 Plugging at this stage (IV.20) into (IV.11), and using (IV.14) to connect with
Here, p
. Moreover, we have
12 Let us notice that whereas 13 Because of the special structure of Ξ where following definitions are used:
Here, M 2 k = m 2 ℓ + 2k|eB| for leptons with bare masses m ℓ and charges q f = ±1. Plugging now Ψ arising from product of (µ, ν) = ( , ) and (µ, ν) = (⊥, ⊥) contributions, as previously described. In (IV.31), ∆ ij,nk B are given by
where X-and Y -matrices are given in (A.7) and (A.11), respectively. Moreover, N (q) = N 
for positive charges, and
(IV. 35) In appendix B, the analytical expression for ∆ B arising from LLL is presented. Let us notice that the above results for ∆ B are invariant under B → −B. This is because electromagnetic processes are invariant under the operation of charge conjugation operator. Our analytical results are thus (theoretically) invariant under the inversion of B, and should be suitable for further phenomenological studies once the direction of the magnetic field is fixed. 14 However, in order to study the implication of our results for more realistic scenarios of HICs, where the magnitude and direction of the background magnetic field fluctuate from event to event, B in the above relations should probably be replaced by its average over several events [7, 8] . Moreover, it is worth to remind that, as in the case of a zero magnetic field, in the case of a nonvanishing magnetic field, the general expression (III.33) for ∆ B is derived by starting with the thermally averaged multiplicity N B from (III.16), which is defined in the local rest frame of QGP. Hence, in order to bring the corresponding results of ∆ B from (IV.30)-(IV.35) into connection with the experimental results from HICs, where QGP is not at rest, it is necessary to replace q 0 in the above results for the differential multiplicity ∆ B = dN B d 4 xd 4 q by q · u, where u µ is the four-velocity of the plasma. Then, after choosing an appropriate parametrization [38] , and assuming an appropriate proper-time dependence of T and eB, it is possible to use ∆ B to determine, e.g., the flow coefficients v n of QGP from ∆ B as functions of the energy of virtual photons. We will postpone this rather involved computation to our future publications, and will only numerically evaluate the above results for ∆ B in the next section. We will, in particular, focus on the effects of T and B on ∆ B , ∆ B and ∆ ⊥ B .
V. DILEPTON PRODUCTION RATE IN A HOT AND MAGNETIZED QUARK-GLUON PLASMA: NUMERICAL RESULTS

A. General considerations
In this section, we will use the analytical results presented in previous sections to study the effect of constant magnetic fields on the production rates of dileptons in a hot and magnetized QCD plasma. We are mainly interested in the effect of magnetic fields and temperatures on the ratio ∆ B /∆ 0 and a certain anisotropy factor ν B between ∆ B and ∆ ⊥ B , appearing in (IV.31). Here, ∆ 0 and ∆ B are dilepton multiplicities for vanishing and nonvanishing magnetic fields from (III.15) and (IV.30)-(IV.35). Moreover, the ratio ∆ B /∆ 0 is defined by 15 This ratio and ν B will be plotted as functions of q 0 /T for q 3 = 0, and fixed but small [8, 9] . Moreover, whereas the results for T = 200 MeV are relevant for a temperature near the QCD phase transition point (∼ 150 − 170 MeV), T = 400 MeV is high enough to correspond to a temperature at the beginning of the formation of QGP, where the thermodynamic equilibrium is assumed to be built after the collision. Our perturbative approach is assumed to be relevant for both these temperatures. Before presenting our numerical results, a couple of remarks on the specific features of our method are in order:
i) The choice for the upper limit in the summation over Landau levels: This specific summation appears in our analytical results for ∆ B from (IV.31) and (IV.32). As we have discussed before, the corresponding relations for ∆ B include a certain factor η
[see also (IV.13)]. This factor connects the external Landau levels, (n, k), with the internal (loop) Landau levels, (p, ℓ). Having in mind that n, k, p, ℓ are non-negative integers, only a limited number of them satisfies the constraint (IV.13). For n, k, p, ℓ ≤ 10, they are given by
for both positive and negative charges, and
for positive charges, as well as
for negative charges. In what follows, we will only consider the sets with n = k and p = ℓ presented in (V.2). The sets given in (V.3) and (V.4) will be ignored, because they do not obey n = k and p = ℓ. Let us notice that, p = ℓ is required by gauge invariance, and, according to (V.2), this fixes n to be equal to k. To describe why we have worked only with Landau levels up to n, k, p, ℓ ≤ 10, let us remind that the upper limit of the summation over Landau levels is indeed related to ⌊ Λ 2 eB ⌋, 17 where Λ is a characteristic energy scale of the theory, e.g. the energy cutoff in a Nambu-Jona-Lasinio model [12, 13, 19, 20] . For hot QCD, because of the lack of a natural cutoff, the temperature T seems to be an appropriate energy scale. In the present work, we have used ⌊ T 2 eB ⌋ to determine the upper limit of the summation over Landau levels (see also [30, 36] for similar arguments). Hence, for our specific choice of magnetic field breaks the isospin symmetry. It is therefore necessary to consider the contributions of up and down quarks to the ratio ∆B/∆0 separately, as it is done in (V.1). 16 mπ ∼ 140 MeV. 17 The floor function ⌊x⌋, also called the greatest integer function or integer value, gives the largest integer less than or equal to x.
strengths eB = 0.2, 0.3 GeV 2 (moderate magnetic fields) and temperatures T = 200 MeV and 400 MeV, it is probably enough to consider only the LLL for both external and internal Landau levels, n, k and p, ℓ. But, according to the above argument, for weak magnetic fields eB = 0.02, 0.03 GeV 2 , we have to consider higher Landau levels up to 8. We will, however, work with n, k, p, ℓ ≤ 10 to guarantee the reliability of our qualitative conclusions. Later, we will compare the results for n, k, p, ℓ ≤ 10 with the results corresponding to n, k, p, ℓ ≤ 5 and n, k, p, ℓ ≤ 8, and will discuss the impact of increasing the upper limit of the summation over Landau levels on some specific quantities related to the production rates of dileptons. ii) Explicit dependence on quark and lepton masses, m q and m ℓ : In the previous section, we assumed that the hot quark-gluon plasma created after the collision consists of up and down quarks. At high enough temperatures, the small bare masses of these quarks are indeed negligible. Instead, they receive significant thermal corrections, given by
The second term arises from the standard Hard Thermal Loop (HTL) approximation arising from the QED coupling of quarks with photons [49] . 18 In (V.5), the factor eq f is the QED coupling of quarks with photons. Because of the explicit dependence of M q on q f , with q u = 2/3 and q d = −1/3, the assumed isospin symmetry m u = m d is broken by these thermal corrections. In what follows, we have worked with m q = 3 MeV for both quark flavors, e 2 = 4πα with QED fine structure constant α = 1/137. An appropriate thermal mass correction is also considered for leptons. Their HTL corrected thermal masses, arising from the QED coupling of leptons with photons, are similarly given by 19
To compare ∆ B /∆ 0 for electron-positron and muon-antimuon pairs, we will use the electron and muon (bare) masses m e = 0.5 MeV and m µ = 105 MeV. iii) Threshold energy of photons [q 0 /T ] th : Similar to the case of vanishing magnetic fields, where the appearance of R 0 and Q 0 in (III.15), leads to a certain "minimum" energy threshold q 2 = 4 m 2 with m ≡ max(m q , m ℓ ) for a dilepton pair to be produced, 20 in the case of nonvanishing magnetic fields, ∆ B from (IV.30)-(IV.35), exhibits also a certain "minimum" energy threshold which is necessary for the photons to be converted into a dilepton pair. As it turns out, this minimum production threshold for B = 0 case is determined by the LLL, and, is independent of eB and T . In this section, however, we will define another threshold energy for virtual photons, which seems to be more appropriate for comparison 18 Let us notice that magnetic fields can principally correct quarks and leptons bare masses too. As we have argued in section I, the presence of hot and/or magnetized plasminos [25] can also affect Mq from (V.5). These kinds of corrections are not considered in the present paper to avoid additional complications. Apart from this correction, in principal, the thermal mass of quarks receives contributions from QCD coupling. Although, comparing with QED, the QCD mass correction of quarks is larger, but, as it turns out, considering these kinds of corrections has no significant impact on the ratio ∆B/∆0 demonstrated in the present section, where QED mass correction to quarks is solely considered. 19 Let us notice that second terms appearing on the r.h.s. of (V.5) and (V.6) are QED thermal (Debye) mass corrections of quarks and leptons for small (zero) momenta. At large momenta and high enough temperatures, where the bare masses of quarks and leptons, mq and m ℓ , can be neglected, M [49] . 20 It is obvious that before inserting the Θ-function into the r.h.s. of (III.15), the multiplicity ∆0 is imaginary for all (5), (8) and (10) correspond to the upper limits for the summation over external and internal Landau levels, (n, k) and (p, ℓ) (see the main text).
of ∆ B with ∆ 0 . 21 To do this, let us choose, as aforementioned, (q 1 , q 2 , q 3 ) = (0.1T, 0.1T, 0), and consider ∆ B and ∆ 0 solely as a function of q 0 , T and eB. The new threshold of q 0 (or q 0 /T ), [q 0 ] th (or [q 0 /T ] th ), is then defined by the specific value of q 0 below which the ratio ∆ B /∆ 0 is either imaginary or negative and above which this ratio is positive and real (see below). Later, we will numerically determine [q 0 /T ] th for various fixed T and eB. We will then plot ∆ B /∆ 0 for q 0 /T ≥ [q 0 /T ] th .
To explain why the definition of this new threshold seems to be necessary, let us first notice that the fact that ∆ B from (IV.30)-(IV.32) is imaginary for q 0 < [q 0 ] th , is mainly related to the dependence of ∆ B on ξ q , R q as well as η and Q from (IV.23), (IV.24) as well as (IV.28) and (IV.29), respectively. As in the B = 0 case, these imaginary values can be discarded by inserting certain Heaviside Θ-functions, Θ(q 2 0 − M 2 nk,pℓ ), term by term for each fixed n, k (external Landau levels) and p, ℓ (internal Landau levels), into the r.h.s. of the final result for ∆ B from (IV.32). Here,
with M i , i = n, k, p, ℓ magnetic masses, including thermal quark and lepton masses M q and M ℓ from (V.5) and (V.6),
In this way, infinitely many production thresholds appear for each fixed n, k and p, ℓ. They are characterized by M nk,pℓ [10] . Because of these infinitely many thresholds for each fixed n, k and p, ℓ, the spectrum of ∆ B is expected to possess specific oscillatory pattern [39, 40] minimum energy threshold for dilepton production", seems therefore to be necessary. Let us notice that since by using [q 0 ] th , and focusing on the spectrum of ∆ B in the regime q 0 ≥ [q 0 ] th , we do not consider the aforementioned infinitely many thresholds for each fixed n, k and p, ℓ, no oscillatory pattern will appear in the spectrum of ∆ B /∆ 0 in the present work. Instead, the spectrum is only characterized with a single singularity which, by definition, occurs at the position of [q 0 /T ] th . Later, we will show that the position of [q 0 /T ] th depends on the upper limit of the summation over n, k and p, ℓ. Moreover, a comparison of ∆ B with ∆ 0 in the regime q 0 ≥ [q 0 ] th shows that ∆ B ≫ ∆ 0 even in a regime where ∆ 0 is very small. In section V B, we will separately study three different aspects of the dependence of ∆ B /∆ 0 on q 0 /T . First, the dependence of the photon threshold energy [q 0 /T ] th on eB and T will be discussed. We will, in particular, focus on the interplay between magnetic field strengths and temperatures on these parameters. Then, the numerical results for ∆ B /∆ 0 of an electron-positron pair will be presented as a function of q 0 /T for fixed T and different eB. We will finally compare the production rates of dielectrons and dimuons for different eB at fixed T .
In section V C, we will then focus on possible effects of constant background magnetic fields on the anisotropy in the production rate of dileptons in the longitudinal and transverse directions with respect to these fields. To do this, we will use a novel anisotropy factor ν B , already defined in (I.1), with ∆ B and ∆ ⊥ B from (IV.31). We will study the dependence of ν B on q 0 /T for eB = 0.02, 0.03, 0.2, 0.3 GeV 2 at various fixed temperatures T = 200, 400 MeV.
B. Dependence of ∆ B /∆ 0 on q 0 /T
eB and T dependence of the energy threshold of virtual photons
In figure 3 , the ratio ∆ B /∆ 0 for the production of dielectrons is plotted as a function of rescaled photon energy q 0 /T for eB = 0.02 GeV 2 and eB = 0.03 GeV 2 and at T = 200, 400 MeV. In figure 4 , the same dependence is plotted for eB = 0.2 GeV 2 and eB = 0. and 4 correspond to the choice n, k, p, ℓ ≤ 10 for the upper limit of the summation over Landau levels in (IV.32). Same computation is also performed for n, k, p, ℓ ≤ 5 and n, k, p, ℓ ≤ 8. According to these results, independent of the choice of the upper limit of the summation over Landau levels, the rescaled photon threshold energy [q 0 /T ] th increases with increasing eB at fixed T (see table I and figures 6 and 7). As concerns the T dependence of [q 0 ] th for fixed eB, however, we have to distinguish between two cases of weak and moderate magnetic fields, eB = 0.02, 0.03 GeV 2 and eB = 0.2, 0.3 GeV 2 . As it turns out, for weak magnetic fields [q 0 ] th does not significantly change with increasing T , while for moderate magnetic fields, it decreases once T increases (see table I ). Let us notice that the temperature dependence of ∆ 0 as well as ∆ B are mainly determined by Bose distribution function (e βq 0 − 1) −1 , appearing in (III.14) as well as in (III.33). From here, it is expected that by increasing the temperature and by keeping ∆ 0 and/or ∆ B fixed, q 0 decreases. In the case of ∆ B , however, the apparent interplay between T and B th are given with 0.1 accuracy. 22 The numerical values of the ratio
at the threshold energy [ th . In contrast, changing the upper limit of the summation over Landau levels does not have such a drastic effects on [
th . To have a measure which quantifies this fact, let us introduce the following quantity:
Here, the superscripts (i) indicate the upper limit of the summation over Landau levels, as before.
In table II, we th increases up to ∼ 27.6%, while by increasing (i) from 8 to 10, we have 10.3% ≤ η 8,10 ≤ 17.1%. For larger values of (i), it is therefore expected that η i,j become smaller, and higher Landau levels become more and more irrelevant. Let us also notice that for i > 10, we do not expect any qualitative changes in the final results for [
th . On the other hand, by assuming that for a realistic (experimental) setup, the relevant kinematical region for q 0 /T is at most q 0 /T ≤ 40 for T = 200 MeV and q 0 /T ≤ 20 for T = 400 MeV, and by having in mind that the threshold values [
th increase by increasing the value of the upper limit to n, k, p, ℓ > 10 (see table I), the choice (i) = 10 seems therefore to be acceptable. In the rest of this paper, we will only report the results for n, k, p, ℓ ≤ 10. 22 According to the results presented in table I, the value of [ Let us notice at this stage, that the above numerical analysis also shows that for small values of q 0 /T , once the magnetic field is chosen to be very strong, only the lowest Landau level will contribute to ∆ B . The question about the exact numerical values of q 0 /T and eB/T 2 that justify a LLL approximation remains open, and probably only after a rigorous comparison with experimental data, we will be able to decide about this issue.
eB and T dependence of dielectron production rate
In the previous part, the ratio ∆ B /∆ 0 for electron-positron production rate was demonstrated as a function of q 0 /T for fixed eB and different T . T ] th , and decreases with a relatively large slope to
Same behavior can also be observed separately in ∆ B and ∆ 0 . For ∆ 0 , this is related to the presence of Bose distribution factor (e βq 0 − 1) −1 in (III.15) (see the corresponding discussion in [50] ). The same factor appears also in N (q) from (IV.32). Let us notice that the specific behavior of the ratio ∆ B /∆ 0 in Figs. 5(a)-6(a) for moderate eB = 0.02, 0.03 GeV 2 , which mainly arises from the interplay between q 0 , T and eB in the final results for ∆ B and ∆ 0 , confirms the expectation that magnetic fields enhance the production rate of particles in hot QGP [51] [52] [53] . In the cases of eB = 0.2, 0.3 GeV 2 at T = 200 MeV from figure 5(b) and from eB = 0.3 GeV 2 from figure 6(b), in contrast, the ratio ∆ B /∆ 0 has a maximum in certain
T ] th , and decreases with a moderate slope to
To elaborate the reason for the appearance of 23 We are looking for the regime of q0/T , where ∆B ∆0, and will denote it as "the relevant regime". , at different results: For large enough magnetic fields, for instance, the ratio ∆ B /∆ 0 possesses a maximum at certain value of q 0 /T greater than the threshold value [q 0 /T ] th , while for weak and moderate field strengths and temperatures ∆ B /∆ 0 turns out to be maximum near [q 0 /T ] th . These specific features may be used to determine experimentally the (proper) time dependence of the magnetic fields created in HICs. The fact that positive and negative charges behaves differently is related to the fact that electromagnetic processes break the isospin symmetry of the original action.
Comparison between dielectrons and dimuons production rates
As aforementioned, the ratio ∆ B /∆ 0 depends explicitly on the bare quark and lepton masses m q and m ℓ . To visualize the possible effect of different lepton (bare) masses on the ratio ∆ B /∆ 0 , we have performed a similar analysis for dimuon pair production, as was previously carried out for dielectrons. In figures 7 and 8, we have compared the q 0 /T dependence of ∆ B /∆ 0 for dielectrons (blue circles) and dimuons (purple squares) at T = 200 MeV and for eB = 0.02, 0.03 GeV 2 and eB = 0.2, 0.3 GeV 2 . As it turns out, the difference between the data corresponding to e + e − and µ + µ − maximizes in the vicinity of the threshold energies [
T ] th , and quickly decreases with increasing q 0 /T . Quantitatively, these differences for all values of eB and at T = 200 MeV are, in general, between ∼ 10% at the beginning, and ∼ 2% at the end of the plotted interval. The same is also true for T = 400 MeV for all values of eB. For large eB = 0.3 GeV 2 , in contrast to all the other cases, ∆ B /∆ 0 for dimuons is smaller than that of dielectrons. C. Dependence of the anisotropy factor ν B on q 0 /T In section IV, the analytical expression for ∆ B is presented in (IV.30)-(IV.35). We have, in particular, shown that ∆ B receives contributions from two parts, ∆ B and ∆ ⊥ B . As concerns the origin of these two contributions, let us remind that ∆ B and ∆ ⊥ B arise from the (µ, ν) = ( , ) and (µ, ν) = (⊥, ⊥) in the product of the photonic part Im[Π µν ] and the leptonic part L µν in (III.33). They are used to introduce the anisotropy factor ν B in (I.1). The latter can presumably be brought in relation with the elliptic flow v 2 , which is, by its part, a measure for the anisotropy in the particle distribution in the momentum space averaged over the whole volume in which the heavy ion experiment occurs. 24 In figures 9 and 10, the anisotropy factor ν B is plotted as a function of q 0 /T at T = 200 MeV and T = 400 MeV for weak and moderate magnetic fields eB = 0.02, 0.03 GeV 2 and eB = 0.2, 0.3 GeV 2 , respectively. Light (dark) green circles (squares) correspond to eB = 0.02, 0.2 GeV 2 (eB = 0.03, 0.3 GeV 2 ). In all these cases, the factor ν B has a maximum value for T ≥ 32 in figure 11 , is mainly related to the fact that, for our specific choice of free parameters and in our oneloop approximation, ∆ B is always negative, while ∆ ⊥ B is always positive. Hence, replacing ∆ B in (I.1) by −|∆ B |, the numerator of ν B can potentially be larger than its denominator. This is exactly what happens in the vicinity of As concerns the effect of temperature on ν B , in figure 12 , the anisotropy factor ν B is plotted as a function of q 0 for fixed eB = 0.02 GeV 2 and two different temperatures, T = 200 MeV (light red circles) and T = 400 MeV (dark red squares). It turns out that whereas for each fixed
T ] th , the anisotropy factor decreases with increasing temperature, for large enough q 0 , it remains constant ν B ∼ 1. In other words, the results presented in figure 12 show that, with decreasing T , the contribution of low energetic dileptons to ν B increases, while the contribution of high energetic dileptons to ν B remains constant.
VI. SUMMARY AND CONCLUSIONS
Virtual photons (dileptons) are among the important electromagnetic probes which are used to reveal information on the evolution of the fireball of hot and dense QCD matter produced after (ultra-) relativistic HICs. It is, in particular, known that in early stages of noncentral collisions, very strong and time-dependent magnetic fields are produced [8, 9] . Because of the finite electrical conductivity of the medium, these background magnetic fields are assumed to be constant, and aligned in a fixed spatial direction [10, 11] . The latter feature is the origin of various anisotropies, among others, those appearing in the production rates of real photons in noncentral HICs; According to the arguments presented in [23, 30] , these kinds of anisotropies are directly reflected in the transverse momentum dependence of flow coefficients, in particular, in the elliptic flow v 2 of real photons [23] and heavy quarks [30] .
In the present paper, we have, in particular, focused on the effect of constant and spatially fixed magnetic fields on dilepton production rates in a hot QGP. Following the systematic method presented in [6] , where the differential multiplicity of dileptons ∆ 0 was computed in the absence of magnetic fields, we have derived the general structure of this quantity in a hot and magnetized QGP, denoted by ∆ B [see (III.14) for ∆ 0 and (III.33) for ∆ B ]. We have assumed that hot quarks and leptons which are involved in the process are magnetized. Similar to ∆ 0 , ∆ B consists of a trace over the product of a leptonic part, L µν , and the imaginary part of the vacuum polarization tensor Π µν . Both tensors are expressed in terms of a number of bases, presented in (III.23) and (IV.7). They are separated into four groups, depending on whether their µ and ν indices are parallel or perpendicular to the direction of the background B field. The fact that only two combinations of µ and ν indices, namely (µ, ν) = ( , ) and (µ, ν) = (⊥, ⊥), survive the above mentioned trace operation leads to a separation of ∆ B into two parts, ∆ B and ∆ ⊥ B [see (IV.30)]. Combining these two contributions, a novel anisotropy factor ν B is introduced in (I.1). The dependence of ν B on the energy of (virtual) photons is studied in section V. Here, it is shown that for each fixed T and B, near a certain photon threshold energy [q 0 /T ] th , we have ∆ ⊥ B ≫ ∆ B . It is further shown that for fixed T (eB), in the vicinity of these threshold energies, ν B increases (decreases) with increasing eB (T ), while for q 0 ≫ T , it remains almost constant. Having in mind that dilepton production rates are directly related to flow coefficients v n of QGP, this novel anisotropy between ∆ ⊥ B and ∆ B may be interpreted as one of the microscopic sources of the observable macroscopic anisotropies, reflecting themselves in these coefficients.
In section V, we have also computed the ratio ∆ B /∆ 0 as a function of rescaled photon energy q 0 /T for various fixed T and/or eB. We were mainly interested in the possible interplay between these two parameters on this ratio. We have, in particular, determined the (rescaled) threshold energies, [q 0 /T ] th , for weak and moderate magnetic fields, eB = 0.02, 0.03 GeV 2 and eB = 0.2, 0.3 GeV 2 at T = 200, 400
MeV, and shown that at a fixed T , [q 0 /T ] th increases with increasing eB. 25 As concerns the T dependence of [q 0 ] th for fixed eB, however, we have observed that only for moderate magnetic fields [q 0 ] th decreases with increasing T , while for weak magnetic fields, it remains almost constant once T increases.
The final result for the one-loop approximated ∆ B , presented in (IV.30)-(IV.35), includes a summation over four Landau levels n, k, p and ℓ from zero to a certain upper limit. In section V, the dependence of our final numerical results on the choice of this upper limit is studied. Our detailed numerical analysis has, in particular, shown that for small values of q 0 /T , once the magnetic field is chosen to be large enough, only the lowest Landau level contributes to ∆ B . We quantified this statement in the example of eB = 0.02, 0.03 GeV 2 and eB = 0.2, 0.3 GeV 2 , which are chosen so that they are approximately equal to the estimated values of eB, which is believed to be produced in RHIC and LHC.
Our analytical results for ∆ B has another noteworthy feature, which clarifies the role played by positively and negatively charged quarks in producing dileptons. According to our final results from (IV.32), positively charged quarks, e.g. up quarks, do not contribute to ∆ ⊥ B . Moreover, as it turns out, the total contribution of positively charged quarks to ∆ B is always smaller than that of negatively charged quarks. We have, in particular, shown that the interplay between the total contribution of positively and negatively charged quarks to ∆ B leads, for large enough magnetic fields, to a maximum value of ∆ B /∆ 0 in photon energies that are greater than certain photon threshold energies [q 0 /T ] th . We have performed the above analysis for dielectrons as well as for dimuons, and shown that the difference between ∆ B /∆ 0 corresponding to dielectrons and dimuons maximizes in the vicinity of the corresponding thresholds [q 0 /T ] th , and almost vanishes for q 0 ≫ T . In both cases, for q 0 near certain thresholds [q 0 /T ] th , the production rate ∆ B in the presence of magnetic fields is larger than ∆ 0 for zero eB, while in the limit q 0 ≫ T , we have ∆ B ≤ ∆ 0 .
Let us remind at this stage that the analytical results presented in section IV for ∆ B are derived with the assumption that the background magnetic field and temperature are constant (in space and time), and that dileptons created in final stages of the process are hot and magnetized. The latter assumption is made because it is not clear how the lifetime of photons is affected by external magnetic fields. If it is shortened, then photons will not have enough time to escape the hot and magnetized medium before they are converted into dileptons, and, our computation will be then relevant. As concerns the first assumption, there are evidences that magnetic fields produced in HICs are time-dependent [8, 9] . Thus, in a more realistic scenario, assuming that the lifetime of photons is not influenced by the background B fields, in the stage in which dileptons are produced, the background magnetic field will be, most probably, rather weak and cannot affect the dynamics of dileptons. Only in this case, the assumption concerning the effect of B fields on created dileptons can be relaxed. Starting from this new assumption, the leptonic part L µν , appearing in (III.33), is to be replaced with L µν from (III.4). It would be interesting to explore the impact of this new assumption on the final results for the q 0 -dependence of the ratio ∆ B /∆ 0 and the anisotropy factor ν B for fixed T or B.
The analyses presented in this paper can be extended in many ways. In [25] , e.g., we have systematically explored the complete quasi-particle spectrum of a magnetized plasma at finite temperature. We have, in particular, shown that for fixed eB ≪ T 2 and in specific regimes of fermion energies, new poles arise in the one-loop corrected fermion propagator, in addition to the expected normal modes. These collective excitations, referred to as hot magnetized plasminos, are expected to play a crucial role in the production rates of dileptons. The effect of hot plasminos on DPR are studied in [28] , where it is shown that unexpected sharp peaks appear in the spectrum of DPR. These structures are believed to provide a unique signature of deconfined collective quarks in a QCD plasma [29] . It would be interesting to combine [25] with [28] , and to study the effect of hot magnetized plasminos on the spectrum of dileptons at finite temperature and in the presence of uniform magnetic fields. This will be postponed to future publications.
In section III, we have argued that the leptonic part of photon-to-dilepton process is given by
Here, the coefficients C nk ij read
+ B
(1)
+ , (A.1)
The tensor part of L µν is given in (III.23).
2. Additional formulae from section IV a. Additional formulae from section IV A
In section IV A, we have argued that the photonic part of ∆ B can be first expressed as
Here, the coefficients A (q) ij are given by are explicitly given by
for positive charged particles, and Here, 8) and N (q) ≡ N 
In the above expressions K (q) ij for positive and negative charged particles are presented in (IV.33) and (IV.34). 
. In this part, we will focus on the coefficients K (q) ij from (IV.11). They arise from the integration over ℓ 2 , x 1 and y 1 in (IV.3). The integration over x 1 and y 1 is performed by making use of (IV.8) and (IV.9) for positively and negatively charged particles. Because of the special character of the bases Ξ (q)ij µν from (IV.7), the results for K (q) ij can be separated into four groups: (µ, ν) = ( , ), (µ, ν) = ( , ⊥), (µ, ν) = (⊥, ) and (µ, ν) = (⊥, ⊥). For each group the contributions of positive and negative charges are to be computed separately. The corresponding expressions to (µ, ν) = ( , ) and (µ, ν) = (⊥, ⊥) are already presented in (IV.33) and (IV.34). In what follows, for the sake of completeness, we will present the results for (µ, ν) = ( , ⊥) and (µ, ν) = (⊥, ). [see (IV.22) and set p = ℓ = 0]. The appearance of a factor (q µ q ν − g µ ν q 2 ) on the r.h.s. of (B.2) is a guarantee for the gauge invariance of our result in LLL. Same factor appears also in [54] and very recently in [51, 52] .
As concerns the leptonic part in the LLL, let us consider L µν 11,nk with n = k = 0 from (A.10). It is given in terms of η and Q, which are defined in section IV. For n = k = 0, they are given by in the denominator of (B.7) fix the threshold value for dilepton production in the strong field limit to q 2 > 4m 2 q and q 2 > 4m 2 ℓ . As expected, in contrast to our results in section V, where the contributions of all levels n = k = 0, · · · , 10 and p = ℓ = 0, · · · , 10 to ∆ B from (IV.30)-(IV.35) were considered, the threshold value of dilepton production in the LLL does not depend on the ratio T 2 /eB, which, according to our descriptions in section V, fixes the upper limit of the summation over n, k, p, ℓ through ⌊ T 2 eB ⌋.
